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Abstract

We show continuity in parabolic generalized Orlicz-Morrey spaces M™% of commutator of
parabolic nonsingular integral operators. We shall give necessary and sufficient conditions for
the boundedness of the commutator of parabolic nonsingular integral operator on M®'¥ spaces
with BMO functions.
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1 Introduction and main results

It is well-known that the commutator is an important integral operator and it plays a key
role in harmonic analysis. In 1965, Calderén [4, 5] studied a kind of commutators, appearing in
Cauchy integral problems of Lip-line. Let T" be a Calderén-Zygmund singular integral operator and
b€ BMO(R™). A celebrated result of Coifman, Rochberg and Weiss [8] states that the commutator
operator [b, T|f = T(bf)—bTf is bounded on LP(R™) for 1 < p < co. The commutator of Calderén-
Zygmund operators plays an important role in the study of regularity of solutions of elliptic partial
differential equations of second order (see, for example, [6, 7, 10, 26, 27]).

The classical Morrey spaces were introduced by Morrey [35] to study the local behavior of
solutions to second-order elliptic partial differential equations. Although such spaces allow to
describe local properties of functions better than Lebesgue spaces, they have some unpleasant
issues. It is well known that Morrey spaces are non separable and that the usual classes of nice
functions are not dense in such spaces. Moreover, various Morrey spaces are defined in the process
of study. Guliyev, Mizuhara and Nakai [16, 34, 36] introduced generalized Morrey spaces MP#(R™)
(see, also [17, 18, 45]). Later, Guliyev [18] defined the generalized Morrey spaces MP¥(R™) with
normalized norm

Ifllaere = sup @@, )" B, )| TV fllor (),
x€ER™ r>0

where the function ¢ is a positive measurable function on R™ x (0,00). Here and everywhere in
the sequel B(z,r) is the ball in R™ of radius r centered at x and |B(z,r)| = v,r" is its Lebesgue
measure, where v, is the volume of the unit ball in R"™.

The Orlicz space were first introduced by Orlicz in [42, 43] as generalizations of Lebesgue spaces
LP(R™). Since then, the theory of Orlicz spaces themselves has been well developed and the spaces
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have been widely used in probability, statistics, potential theory, partial differential equations, as
well as harmonic analysis and some other fields of analysis.

In [11], the generalized Orlicz-Morrey space M®¥(R") was introduced to unify Orlicz and
generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces can be found in
[37] and [44]. In words of [24], our generalized Orlicz-Morrey space is the third kind and the ones
in [37] and [44] are the first kind and the second kind, respectively. According to the examples in
[15], one can say that the generalized Orlicz-Morrey spaces of the first kind and the second kind are
different and that second kind and third kind are different. However, we do not know the relation
between the first and the second kind.

Note that, Orlicz-Morrey spaces unify Orlicz and generalized Morrey spaces. We extend some
results on generalized Morrey space in the papers [13, 18, 20, 21, 25, 29] to the case of Orlicz-Morrey
space in [11, 14, 22, 23, 24].

As based on the results of [18, 20], the following conditions were introduced in [11] (see, also
[22]) for the boundedness of the singular integral operators on M®%(R"),

P o1(@s) N oy d
[ (emut g e ¢ < cmtan,

where C' does not depend on x and 7.
Consider the half-space R’ = R” x (0,00). For x = (2/,t) € R, 2 = (2", 2,,t) € D! =
R* ! xRy xRy, D" = R*! x R_ xR,. In the following, besides the standard parabolic metric

1/2
|.”£,|2+ /|m/|4+4t2> /
2

and Riviére in [9]. The induced by it topology consists of ellipsoids (parabolic balls)

o(z) = max(|z’|, [t|'/?) we use the equivalent one p(z) = introduced by Fabes

o =y, Je= P
2 4

Er(x) = {y e R < 1} . & = Crn T2,

r
It is easy to see that & (z) and S™ are the unit ball and the unit sphere, respectively, with respect to
the both metrics and p(z). On the other hand, the equivalence between the both parabolic metrics
o(z) and p(z) follows by the inclusion: for each &, there exist parabolic cylinders C and C with
measure comparable with %2 such that C C & C C. In what follows all estimate obtained over
ellipsoids hold true also over parabolic cylinders and we shall use this property without explicit
references.

Let ¥ = (2", —x,,t) be the "reflected point”. The parabolic nonsingular integral operator R is
defined by (see [2])

1f ()]

Rf(x) = /Dn+1 Wdy. (1.1)

The commutators generated by b € Li (]D)i“) and the operator R are defined by

loc

0. RIf) = [ LORLE T

bt PE = )

The operator |b, R| is defined by
b(z)—b
pRIs) = [ D= )0

bt p(E — )2
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The operator R and its commutator appear in [2] in connection with boundary estimates for
solutions to parabolic equations.

In [40, 41] the author was study the boundedness of the parabolic nonsingular integral operator
R on Orlicz and generalized Orlicz-Morrey spaces, respectively. Therefore, the purpose of this
paper is mainly to study the boundedness of the commutator of parabolic nonsingular integral
operator [b, R] on parabolic generalized Orlicz-Morrey spaces of the third kind M®# (Rt with
BMO functions.

Therefore, the purpose of this paper is mainly to study the boundedness of the commutators of
parabolic nonsingular operator [b, R] on parabolic generalized Orlicz-Morrey spaces of the third kind
M ‘I’""(]D)ﬁﬂ). We give necessary and sufficient conditions for the boundedness of the commutators
of parabolic nonsingular operator |b, R| on parabolic generalized Orlicz-Morrey spaces M (D’“"(DT'I),
respectively.

A function ¢ : (0,00) — (0,00) is said to be almost increasing (resp. almost decreasing) if there
exists a constant C' > 0 such that

o(r) < Cp(s)  (resp. @(r) > Cyp(s)) forr <s.

For a Young function ®, we denote by G the set of all decreasing functions ¢ : (0,00) — (0, 00)
such that t € (0,00) — ®~1(t7"72)p(t) ! is almost decreasing.
The following results are the fundamental theorems in this paper:

Theorem 1.1. Let b € BMO(}]])T+‘JF1)7 ® be a Young function with ® € As and ¢1, p2 € Qg.
1. If & € V3, then the condition

/TOO (1 +1In ;) (ess inf M) ®_1(t_"_2)% < Ca(x,r), (1.2)

t<s<oco o1 (5*”*2)

where C' does not depend on x and r, is sufficient for the boundedness of |b, R| from M %1 (R7*1)
to M®e2 (R,
2. If ¢1 € Gg, then the condition

o1(z, 1) < Copa(x,r), (1.3)

where C' does not depend on z and r, is necessary for the boundedness of |b, R| from M®:#1 (Riﬂ)
to M®e2 (R,
3. If ® € V5 and ¢y € Gg satisfies the regularity type condition

| a0% <ca, (1.4

for all ¢ > 0, where C' > 0 does not depend on ¢, then the condition (1.3) is necessary and sufficient
for the boundedness of |b, R| from M®#1(R ) to M®e2(RT).

If we take ®(t) =P, p € [1,00) at Theorem 1.1 we get the following new result for generalized
Morrey spaces.
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Corollary 1.2. Let p € [1,00), b € BMO(ID)T'I) and 1,92 € Q) = Q.
1. If 1 < p < o0, then the condition

n+2
oo ess inf pq(s)s 7
/ fmreee dt < Cipa(r), (1.5)

R
for all » > 0, where C' > 0 does not depend on r, is sufficient for the boundedness of |b, R| from
MPe (DT to MP2(DTH).

2. If ¢1 € Gp, then the condition (1.3) is necessary for the boundedness of |b,R| from
MPey (D) to MPe2 (D).

3. If 1 <p < ooand p; €G, satisfies the regularity condition (1.4), then the condition (1.3) is
necessary and sufficient for the boundedness of |b, R| from MP-#1 (D" ™1) to MP#=2 (D).

By A < B we mean that A < C'B with some positive constant C' independent of appropriate
quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.

2 Definitions and preliminary results

We will use the following statement on the boundedness of the weighted Hardy operator

Hg(r) = /:0 (1 +1In ;)g(t)w(t)dt, 0<t< oo,

where w is a weight.
The following theorem was proved in [19] (see also [28]).

Theorem 2.1. [19] Let v, vy and w be positive almost everywhere and measurable functions on
(0,00). The inequality

ess sup ve(r)H g(r) < Cess sup vy (r)g(r) (2.1)
r>0 r>0

holds for some C' > 0 for all non-negative and non-decreasing g on (0, c0) if and only if

b t t)dt
B := supvg(r)/ (1+In-) __wldt < 00. (2.2)
r>0 r 7" SUPics<oo Ul(s)

Moreover, the value C' = B is the best constant for (2.1).
Remark 2.2. In (2.1) and (2.2) it is assumed that = =0 and 0-co = 0.

2.1 On Young Functions and Orlicz Spaces
We recall the definition of Young functions.

Definition 2.3. A function ® : [0,00) — [0,00] is called a Young function if ® is convex, left-
continuous, lim ®(r) = ®(0) = 0 and lim ®(r) = co.
r——+0 r—00
From the convexity and ®(0) = 0 it follows that any Young function is increasing. If there exists
s € (0,00) such that ®(s) = oo, then ®(r) = oo for r > s. The set of Young functions such that

0<®(r) <o for 0<r<oo
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will be denoted by Y. If ® € ), then ® is absolutely continuous on every closed interval in [0, 00)
and bijective from [0, 00) to itself.
For a Young function ® and 0 < s < oo, let

©(s) = inf{r 2 0: ®(r) > s}.
If ® € Y, then &~ ! is the usual inverse function of ®. We note that
(D (r) <r <@ Y (B(r) for0<r < oo

It is well known that

r<dHr)d T (r) < 2r for r > 0, (2.3)
where ®(r) is defined by

B(r) { sup{rs — ®(s) : s € [0,00)} , r €[0,00)

00 , T =o00.
A Young function ® is said to satisfy the As-condition, denoted also as ® € Ao, if
®(2r) < k®(r) for r >0

for some k > 1. If & € Ay, then ® € ). A Young function ® is said to satisfy the Va-condition,
denoted also by ® € Vg, if

q)(kr)ﬂ r >0,
for some k > 1.

Definition 2.4. (Orlicz Space). For a Young function ®, the set
LP(D} ) = {f € Li, (D) / ®(k|f(x)|)dz < oo for some k > 0 }
Dyt

is called Orlicz space. If ®(r) =P, 1 < p < oo, then L‘b(]D)T'l) = Lp(]D)iH). Ifo(r)=0,0<r<
1) and ®(r) = oo, (r > 1), then L*(D'}T") = L>=°(D}™). The space L (D) is defined as the

loc

set of all functions f such that fy, € L®(D™") for all balls £ C D}

L®(DH) is a Banach space with respect to the norm

_; : (@)
oz =t {p0: [ o<

/wl @(M)dz <1 (2.4)

We note that

The weak Orlicz space

WLPDIH) = {f € LoD [ Flly oy < +o0)
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is defined by the norm

Hf||WL‘1’(D1+1) = inf {)\ >0 : igg@(t)m(%, t) < 1},

The following lemmas are valid.

Lemma 2.5. [1, 33] Let ® be a Young function and € a set in D’;"" with finite Lebesgue measure.

Then
1

HXS||WL‘1>(D:_+1) = ||Xs||Ld>(D1+1) = W

Lemma 2.6. For a Young function ¢ and for all parabolic balls £ in ]D)i“, the following inequality
is valid

1z < 20€1@7 0 (IE17Y) [1f Lo e)-
2.2 Parabolic generalized Orlicz-Morrey Space

Various versions of generalized Orlicz-Morrey spaces were introduced in [37], [44] and [11]. We used
the definition of [11] which runs as follows.

We now define parabolic generalized Orlicz-Morrey spaces of the third kind. The parabolic
generalized Orlicz-Morrey space M ‘I”‘P(Dﬁﬂ) of the third kind is defined as the set of all measurable
functions f for which the norm

1 1
f omntly = sup ®_1< ) flloe et wr
11l are o (D) zeD} ™, r>0 o(z,7) |E+ (2, 1) £l Lo e+ (2,r)
is finite, where £ (z,7) = E(z,r) N D}, Also by WM®#(D""!) we denote the weak parabolic
generalized Orlicz-Morrey space of the third kind of all functions f € WL (]D)Trl) for which

loc

I lwaee@ney = sup o(@,r) @7 HIE (@, )| [ fllwre e+ @) < 00,
* IED1+1,T>O

where WL®(E¥(x,r)) denotes the weak L®-space of measurable functions f for which

1A lw o @) = 1 Xew o lwrpo@ie-
Note that M ‘I’*‘P(Di"’l) covers many classical function spaces.

Example 2.7. Let 1 < ¢ < p < oo and & € Ay NVs. From the following special cases, we see
that our results will cover the Lebesgue space LP(D'} ™), the classical Morrey space M, g’(]D)T“l), the

generalized Morrey space M#?(D't!) and the Orlicz space L*(D"I!) with norm coincidence:
1. If (t) = tP and p(t) = tinTH, then M®#(D"H!) = LP(D’™") with norm equivalence.

2. If ®(t) = t? and p(t) = tinT“, then M®¢ (D" "), which is denoted by M};(DT‘I), is the
parabolic Morrey space.

3. If ®(t) = tP, then M®# (D} ™) = MP¥(D}T) is the parabolic generalized Morrey space
which were discussed in [16], see also [18, 34, 36].
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4. If (t) = @~ 1(¢t7"72), then M®#(D7H!) = LE(DTH).

Other definitions of generalized Orlicz-Morrey spaces can be found in [15, 37, 38, 39]. Therefore,
our definition of generalized Orlicz-Morrey spaces here is named “third kind”.

o (1€ 7Y) .
——~ 7 /_ we get the parabolic Orlicz-Morrey space M®*(R™
PRy (RRTREVE) g P y sp (R™)
from parabolic generalized Orlicz-Morrey space M®¥(R™). We refer to [12, Lemmas 2.8 and 2.9]
for more information about Orlicz-Morrey spaces.

In the case p(z,r) =

Lemma 2.8. [12, Lemma 2.12] Let ® be a Young function and ¢ be a positive measurable function
on R™ x (0, 00).

(i) If
t<s:1<poo W =oo0 for somet >0 and for all x € R", (2.5)
then M®¥(R") = ©.
(ii) If
Oiug o(x,r)"' =00 for some 7 >0 and for all € R™, (2.6)
r<r

then M®¥(R") = ©.

Remark 2.9. Let ® be a Young function. We denote by (¢ the sets of all positive measurable
functions ¢ on R™ x (0, 00) such that for all ¢ > 0,

(I)fl 5 -1
p [T
z€Rn o(z,7) Lo (t,00)
and
-1
sup z,r H < 00,
zERN wlam) Lo0(0,t)

respectively. In what follows, keeping in mind Lemma 2.8, we always assume that ¢ € Qg.
The following lemma plays a key role in our main results.

Lemma 2.10. [41] Let & := ¥ (zq,7) a parabolic ball in ]Di“. If ¢ € Gy, then there exist

C > 0 such that
C

¢(ro) (ro)’

Theorem 2.11. Let ® any Young function, ¢1, s : ]D)Tr1 x Ry — R4 be measurable functions
satisfying (1.2).
i) If ® € Ay () V2, then it is bounded from M®#1 (D) in M®%2 (D) and

”RfHMCPWz @73+ < CHf”be»m(Di“)' (2.7)

< HX&J”M‘PW(Di“) =

ii) If ® € Ay, then it is bounded from M®¥1(DH!) to WM®#2 (D) and

”RfHM‘PMQ (]1])1*1) < CHf”WM@,m(]D)i*l)

with constants independent of f.
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3 Commutator of parabolic nonsingular integrals in the space
o, +1
M (D)
For any z € D™ define 7 = (', —x,,) and recall that 2° = (2/,0). Also define &+ = £+(20,7) =
E,r)ynNDEt, 28 = £+ (a0, 2r).
We recall the definition of the space of BMO(D"™).
loc

Definition 3.1. Suppose that f € L{ (D), let

1

||fH* = sup T/ N\ |f(y) - f£+ z,r |dy7
zeD} T r>0 |EF (@, 7)] Et(z,r) (@)
where )
fer@m = o fy)dy.
0TI @] e
Define
BMODY™) = {f € Lige(@1) + [If[lx < oo}
Modulo constants, the space BMO(D'™) is a Banach space with respect to the norm || - ||..

Before proving our theorems, we need the following lemmas.

Lemma 3.2. [30] Let b € BMO(R™). Then, there is a constant C' > 0 such that
t
|be+ (2,r) — bet ()| < CI0]l- ln; for 0<2r<t, (3.1)

where C' is independent of b, z, r, and t.

Lemma 3.3. 23, 31] Let f € BMO(D'/*") and ® be a Young function with ® € Ay, then

1l swp @@ A 1O = fern o e oy - (32)

zeD T r>0

For a function b € BMO define the commutator [b, R]f = bRf — R(bf). The following result
concerning the boundedness of the operator [b, R] on LP space is known.

Theorem 3.4. [2] Let b € BMO(D'}™) and p € (1,00). Then the commutator operator [b, R] is
bounded on LP(D}™).

From this result and [27, Theorem 2.7], we have the following boundedness of [b, R] on LP(D}™1).

Theorem 3.5. Let ® be a Young function with ® € Ay V> and b € BMO(D’/™"). Then the
commutator operator [b, R] is bounded on L®(D'}).

Our aim is to show boundedness of [b, R] in M‘b""(ID)Trl).
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Lemma 3.6. Let ® be a Young function with ® € Ay V2 and b € BMO(D'I"). Suppose that
for all f € LY (D7) and r > 0 holds

OC —p_oy dt
/ (1 +1In - ) Hf||LI’(£+(:1:0 t)) i (t 2) 7 < 00. (3.3)
1
Then
C o oy dt
||[b, R]f||L‘1>(£+(m0,r)) < W /Zr (1 + In - ) ||f||L<I>(g+(w0 t)) (O (t " ) ?, (34)

where the constants are independent of 2°, » and f.

Proof. Denote by &+ = ¥ (2%, r), & = £+(2°,t) and for any f € LE (D) write f = f1 + fo
with f1 = fXpe+ and fo = fX(ggj . Because of the ®-boundedness of the operator [b, R] (see

Theorem 3.5) and f; € L®(D}"') we have
116, RIfill Lo ey < Mo RIS il Lo orery S Nollell Fill o mtry = N0l 1 o 2t
(&) ( ( ) (

It is easy to see that for arbitrary points z € £ and y € (2€,7)¢ it holds

%p(xo —y) <pl@-y) < gp(wo —Y)- (3:5)

Then

|b(y) — b(z)|
< LG Sl
L@(eﬂ ~ /(zg+>c p(a0 —y)+? 7 w)ldy

— ey |b(z) — ber|
. Y B =2
H / &he P .’IJO — y)n+2 ‘f(y” Y LE(ET) + (2&7)e p(l‘o )n+2 |f | y

=1 + L.

6. R1 (o)

L&)

We estimate I as follows

b(y) — b

L < 1 / b(y) gj”f(y”dy

PL(r=72) Jyggye  p(al —y)nt?

1 / © gt
o — b(y —b+fy)/ 73 Ay
o-t(r n=2) <2s¢)c| )= berllF ) pla0—y) 1"F?

1 o0 dt
— b(y) — b dy ——
T L Lo e 0 b 5y

dt
T L L 0 e W

2/\
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Applying Holder’s inequality, Lemma 3.2 and (3.1), we get

dt
] // )~ b |17 )y s

1
+q>—1<r—n—z>/2 ber =t [ Wl i)

1 dt
S(W /2r Hf”L‘i’(St*)tn?

1 o0 o dt
+(I)1(Tng)/ |bgr+*bgt+|||f\|yb(sj)q’ (t 2)t>

2r

Bl ot
< n—
g [ (e e 3

In order to estimate I5 note that

&f

b

LE (&)

I = o)~

e

|f(w)l
— g
Lo (&) /(2&*)0 p(a0 — yyr+z

By Lemma 3.2 and applying the Fubini theorem we get

[161]« / /(W)
IS —
(

Yo (rmnm2) Jogpye plad —y)

|IB]]« / /Oo dt
< f(y)ldy
-1 (r—n=2) (2si)c| ) p(a0—y) U"F°

161l ~ dt
SW/QT </5,+ |f(y)|dy> s’

Applying the Holder’s inequality (see, Lemma 2.6), we get

/()] > dt
/(Q&Jr)c Wdy S . Hf”L‘I’(E;r)HlHL‘i(S;")W

dt

- 1 dt o L
= /QT ||fHL<I’(5f+) &/)71(|5t+‘,1) m+3 /2r ”fHLq»(gf-*—)q) (t ) .

Direct calculations give

Bl e dE
|[b,R}f2|ch(gr+)5w/zr [l & () &

and the last estimate holds for all f € L®(D}™") satisfying (3.3). Thus

IRF Lo ery S N0l 1f 1l Lo e

1]« > t s noy dt
+w/ (1+1n;) 1fll e ex) ® (t )7-

2r

M. N. Omarova

(3.8)
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On the other hand,

C * —1/(4—m—2 dt
[ fllLe (e, = i n?) ||f||L<I>(2s,,)/ (") "

2r

c > oy dt
SW /27" ||fHL4>(gj)(I> 1(t 2)7 (3.9)

which unified with (3.8) gives (3.4).

Q.E.D.
For proving our main results, we need the following estimate.
Lemma 3.7. If b € Llloc(]DT'l) and & = E*(z0,70), then

|b(x) = be+| < Clb,R|xgs ()
for every z € &, where bggr = I%oﬂ fgg' b(y)dy.

Proof. If z,y € &, then p(T —y) < p(T — 20) + p(y — o) < 2ro. We get Cry "2 < p(T —y) "2,
Therefore

bRl (@) = [ o) =)o@ — )" 2y = Cr™* [ bta) ~ by

0 0

JRCOREO
&

0

> COry" 2 = Clb(z) — bg+|-

Q.E.D.

Theorem 3.8. Let ® be a Young function with ® € Aq( Vs, b € BMO(]D)iH) and @1, P2 :
D’ "' x Ry — R, be measurable functions satisfying (1.2). Then the commutator operator [b, R]
is bounded from M®#1 (D) in M®¥2(D7H) and

16, R llsgo.n bty < CHBIL I lLygo.n 51, (3.10)

with constants independent of f.
Proof. By Lemma 3.6 we have

dt

_ e t 1/
0, RIfllygoea oty < Cloll sup oa(a®,7)7! / (11 ) Il o @7 (E72) T

z0,r>0

Applying the Theorem 2.1 to the above integral with

w(r) =@ 1 (r7"7?), v(a% 1) = pa(a®, )7, v1(2%r) = o1 (2°,r) T e (rT ),

* o t
oar) = lseroys Hagla®r) = [ (1410 5) [Fluaeroapuit)ds



108 M. N. Omarova

where the condition (2.2) is equivalent to (1.2) we get
110, RIf llagweorsry S 1Bl sup @r(2®,r) 71 @7 (™" 72) || fll o (g4 0,y
n+1
z€DYTT, r>0
= ||bH* ||f||M‘I>,¢>1(D1+1).
Q.E.D.

Proof of Theorem 1.1. The first part of the theorem follows from Lemma 3.6 and Theorem
2.11. We shall now prove the second part. Let & = ¥ (zg,70) and x € & . It is easy to see that
RXEJ (z) = 1 for every = € &' . Therefore, by Lemmas 2.5 and 3.7

1= 07 (w(& ) HIRxgt o) < 02(E)IIRX et laree
©2(&F)

< C‘P2(5(T)”X5JHJVI‘PW1 < Cm~
0

Since this is true for every 53' , we are done.
The third statement of the theorem follows from the other statements of the theorem.
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